Abstract. We study origami f : C → E with G-Galois cover Q 8 . For a point P ∈ E(Q)\ {O}, we study the field obtained by adjoining to Q the coordinates of all of the preimages of P under f . We find a defining polynomial, f E,Q 8 ,P , for this field and study its Galois group. We give an isomorphism depending on P between a certain subfield of this field and a certain subfield of the 4-division field of the elliptic curve.
Introduction
Let E be an elliptic curve over Q with affine Weierstrass model given by y 2 = x 3 + ax + b and with point at infinity given in projective coordinates by O = (0 : 1 : 0). An origami is used as a mathematical term for covers of an elliptic curve, ramified above at most one point. Quaternion origami, specifically, have been studied by Herrlich and Schmithüsen [19] .
Origami are the G-structures of elliptic curves in the notation of Chen [7] . We will consider G = Q 8 -structures on X = E − {O}, in the notation of [7] and [8] . By [12] , the image of Grothendieck's outer Galois representation associated to E, in this case, is isomorphic to the image of the 2-adic Tate module representation associated to E. Chen and Deligne [8, Theorem 5.1.1], prove that any metabelian 2-generated group, such as Q 8 , corresponds to congruence. Their result is also related to the images of Grothendieck's outer Galois representations associated to E. We study the quaternion origami curve in order to give an analogue of a division polynomial for elliptic curves, f E,Q8,P , to study the Galois theory of the splitting field of this polynomial, and to understand field-theoretic implications of outer Galois representation results [12] , [8] in the smallest non-abelian, 2-group case. The case G = S 3 is also metabelian and can be understood as an example of the dihedral covers case.
We define and work with fields extensions Q( [4] −1 P )/Q and the splitting field of f E,Q8,P over Q and prove that there is necessarily more overlap than given by initial analysis. We expect some overlap from the outset because both fields extensions will always contain the field extension Q( [2] −1 P )/Q. Let g = x 4 −4∆x−12a∆ where ∆ = −16(4a 3 + 27b 2 ). The splitting field of g over Q is a subfield of Q(E [4] )/Q which is a subfield of
Q([4]
−1 P )/Q. The main theorem of this article is that the splitting field of g over Q is also contained in the splitting field of f E,Q8,P over Q. Once there are two common S 4 -extensions of Q containing the 2-division field of E, there is also a third common S 4 -extension of Q [3, Proposition 1.1], [9, Theorem 2.4].
There is a Galois representation associated to f E,Q8,P and a quotient of this representation obtained by forgetting the extra information of the point, P . In the Q 8 case, one consequence of the main result is that information from the Galois representation that is independent of the point is already encoded in the mod 4 representation of the elliptic curve. We already knew, by [12] that the information was completely encoded by the 2-adic representation. The result in this paper also gives an explicit isomorphism (depending on P ) between 2 quartic fields: one field depends on E and P and the other field (obtained by adjoining the roots of g to Q), depends only on E.
For G = Q 8 , the Galois group of the splitting field of f E,Q8,P over Q is related to Hol(Q 8 ), the holomorph of Q 8 see 4.2. In general, for G a fixed finite group, Saltman has related lifting and approximation problems for
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G-Galois extensions to Noether's problem and to generic Galois extensions [26] . Noether's problem implies more than the appearance of G as a Galois group. It further gives ways in which G-Galois extensions can be 'parameterized' See [22] and Saltman's survey article [25] .
Tate module representations
For E over Q with Weierstrass model y 2 = x 3 + ax + b, the n-division polynomials are a recursively defined sequence in Z[x, y, a, b] ψ 0 = 0, ψ 1 = 1, ψ 2 = 2y, ψ 3 = 3x 4 + 6ax
See [29] , [30] for background on elliptic curves and division polynomials.
where
. This is the field obtained by adjoining all of the n-division points of E to Q. Fix a prime and define the Tate module to be the inverse limit
Fix an algebraic closure Q of Q. Let G Q denote the absolute Galois group of Q over Q. Then, G Q permutes the n-division points. Let ρ E,n :
) denote the representation of the absolute Galois group on the n-division points.
The [
n ]-division points are isomorphic to (Z/ n Z) 2 , so after a choice of basis, Aut(E[ n ]) can be identified with GL 2 (Z/ n Z).
Taking inverse limits, yields the -adic Tate representation, which we will denote ρ E, :
Serre shows the following lifting and surjectivity results for the -adic representations (see [27] , [28] ):
• = 2 The map ρ E,2 is surjective if and only if ρ E,8 is surjective.
• = 3 The map ρ E,3 is surjective if and only if ρ E,9 is surjective.
• ≥ 5 The map ρ E, is surjective if and only if ρ E, is surjective.
Preimages of a point
Now, fix a point P = (z, w) ∈ E(Q). Consider the set
For example, when P = O, this is the set of n-division points. This is no longer group in general, but we can still adjoin the coordinates of such points to Q and find the Galois group of the extension. From now on, let P ∈ E(Q)\ {O}.
The Galois group of Q([n] −1 P ) over Q is a subgroup of the affine general linear group
, e, f ∈ (Z/nZ) and ad − bc = 0    Fxing and taking an inverse limit yields a representation
Affine general linear representations associated to elliptic curves have been studied, for example, see [10] , [4] , and [11] .
3.1. Division by 2. Fixing n = 2, we find that φ 2 (x) = 4x(
Solving, we find that
Bayer and Frey [3, p.402] studied f x in order to study Galois representations of octahedral type and 2-covering of elliptic curves.
Example: Let E be the elliptic curve with Cremona reference '83a1'. Then a = 1269, b = −10746, and ∆ = 2 12 3 12 83. By [14] , ρ E,2 is surjective if and only if x 3 + ax + b is surjective and ∆ ∈ Q 2 The Galois group of the splitting field of x 3 + ax + b over Q is S 3 GL 2 (Z/2Z). Therefore, ρ E,2 is surjective. In fact, ρ E,8 is surjective, so ρ E,2 is surjective. See [24] for more discussion about the images of 2-adic Galois representations associated to elliptic curves. Also, the discriminant of the maximal order of the degree 3 field obtained by adjoining one root of the 2-division polynomial is 83. Fix the point P = (15, −108) ∈ E(Q). Then the [2] −1 P polynomials are given by f x (x) = x 4 − 60x 3 − 2538x 2 + 9828x + 2255121 and f x,y (x, y) = x 6 + 6345x
and the discriminant of the maximal order of the degree 4 field obtained by adjoining one root of the this polynomial is 2 4 83.
Similarly, we can define
Geometry of a quaternion origami
Definition 4.1. An origami is a pair (C, f ) where C is a curve and f : C → E is a map branched at at most one point.
Definition 4.2. A deck transformation or automorphism of a cover
There is an exact sequence of fundamental groups (for example, see [21] )
which group-theoretically gives rise to a representation
Comparison theorems allow determination of the geometric fundamental group, π 1 (X Q ), by considering the variety X over C [15] .
In the case of a once-punctured elliptic curve, the once-punctured torus can be deformed to a wedge sum of 2 circles and its fundamental group is a free group on 2 generators. Theétale fundamental group of X is a free pro-group on 2 generators. Therefore, any two-generated -group will arise as the group of deck transformations of some origami curve over E. For example, the quaternion group of order 8 is the smallest non-abelian example of a 2-group generated by 2 generators.
Teichmüller theory.
This section is due to work by Herrlich and Schmithüsen. See for example, especially, [18] on "An extraordinary origami curve". Also, see [17] and [19] .
Consider the ramified map f :
is the same as the origami with the branch points removed.
Consider the elements of the group Q 8 = {±1, ±i, ±j, ±k}. The defining relations are
Thus, ik = −ki = −j and jk = −kj = i. Draw 8 squares, one labeled with each element of the group. Glue the squares horizontally (respectively vertically) so that the right neighbor of the square labeled g has label g · i and its top neighbor has label g · j.
or The complex has 8 faces, 16 edges, and 4 vertices. Using the Euler characteristic formula, 2 − 2g = v − e + f , the genus of the curve C is 3. Next, applying the Riemann-Hurwitz formula,
with g(C) = 3, g(E) = 1, and deg(f ) = 8. This gives that there are 4 points ramified in C, each with ramification degree 2.
In fact, Herrlich and Schmithüesen [18] give that the map C → E is given by (x, y) → (x, y 2 ) and C :
This is an example of a superelliptic curve. Let E λ : y 2 = x(x − 1)(x − λ) and W λ : y 4 = x(x − 1)(x − λ). Then, Herrlich and Schmithüesen show [18, Proposition 7] that for all λ ∈ P 1 \ {0, 1, ∞}, the Jacobian of this genus 3 curve, Jac(W λ ) is isogenous to E λ × E −1 × E −1 .
Let P = (z, w) ∈ E(Q) be a rational point of E, distinct from the origin. Then f −1 (P ) consists of a set of 8 distinct points on C. The x-coordinates of these points are the x-coordinates of the [2] −1 P points. The y-coordinates are given by square roots of the y-coordinates of the [2] −1 P points. To find a polynomial for the [2] −1 P polynomial in terms of the y-coordinates, we can take the resultant of the polynomials (
. Doing so, we find that a division polynomial for the y-coordinates of the [2] −1 P points is given by
Next, we will reduce each coefficient using the relation
For example, the y
The y 2 coefficient of the polynomial is
Therefore, the division polynomial for the y-coordinates of the [2] −1 P points can be simplifed to the following:
Then, if w = 0, we can divide this polynomial by w 4 to find:
.
Example: Fix E='83a1' in Cremona notation and point P = (15, −108) ∈ E(Q). Then the [2] −1 P polynomials are given by f x = x 4 − 60x 3 − 2538x 2 + 9828x + 2255121 and f xy = x 6 + 6345x 4 + 864x 3 y − 214920x 3 − 8051805x 2 + 1096416xy + 54546696x − 9284544y − 2967360237, and f y (x) = x 4 + 864x 3 + 34992x 2 − 11292058368, we see that Gal(f y (x)/Q) = S 4 AGL 2 (Z/2/Z) and the discriminant of the maximal order of the degree 4 field obtained by adjoining one root of f y to Q is 2 4 83. In fact, this is the same field as adjoining the roots of f x to Q.
To take square roots of the roots of this polynomial, we can plug in y 2 for y and find that f E,Q8,P = y 8 − 8wy 6 + 6(2az + 3b)y 4 − (4a 3 + 27b 2 ).
Note that −P = (z, −w) is also a rational point on the curve. We have that f E,Q8,−P = y 8 + 8wy
Another way to find both f E,Q8,P and f E,Q8,−P is to first take the resultant of
and
eliminating x. This yields
Let s denote the polynomial obtained by evaluating r at y 2 .
Note that f E,Q8,P f E,Q8,−P = (y 8 −8wy
For our running example: take E = '83a1 and P = (15, −108). Then, f E,Q8,P = y 8 + 864y 6 + 34992y 2 − 11292058368 and f E,Q8,−P = y 8 − 864y 6 + 34992y 2 − 11292058368.
Here,
where the holomorph of a group is the semi-direct product Hol(G) = G Aut(G) where the action φ : Aut(G) → Aut(G) is the identity [16] .
There is exact sequence
In particular, there is an exact sequence
Remark 4.3. The group Hol(Q 8 ) is SmallGroup(192, 1494) in Magma notation [5] .
Remark 4.4. In the special case E = '83a1 and P = (15, −108), the Gal(f E,Q8,P f E,Q8,−P /Q) = SmallGroup(384, 20090) in Magma notation [5] .
Theorem 4.5. Let E : y 2 = x 3 + ax + b be an elliptic curve over Q. Fix a point P = (z, w) ∈ E(Q) \ {O}. Suppose that the representation ρ E,[2] −1 P surjects onto S 4 . Let L P denote the splitting field of the polynomial
Proof. Let ∆ = −16(4a
2 ) be the degree 4 polynomial whose roots are the y-coordinates of [2] −1 P and s(x) = x 2 . Then, f P (x) = r(s(x)).
We have that Gal(Q([2]
Since this representation is surjective, the resolvent cubic of r(x) has Galois group, S 3 over Q. This is the same as the mod-2 representation of E by studying affine general linear representations. Therefore, ρ E,2 is surjective. Thus, E has no rational points of order 2, so by [6, Corollary 5. By Proposition 9.7.2 in [2] , the Galois group of the polynomial over Q is contained in A 8 , the alternating group of order 8, if and only the discriminant of the polynomial has a square root in Q.
Suppose A = a n x n + . . . + a 0 . Then, Disc x (A) = (−1) ( 2 ) 3 factor and since ±∆ is not a square, the discriminant of the polynomial is not a square and therefore the Galois group is not contained in A 8 .
Next, we consider the transitive subgroups of S 8 , which are also subgroups of S 2 S 4 , which are not subgroups of A 8 , and that have an S 4 -quotient. Except for S 2 S 4 , all such subgroups are subgroups of Hol(Q 8 ), so it remains to rule out S 2 S 4 as a possible Galois group.
To do so, we will follow [20, p.37] . Consider a degree 8 polynomial
where r(x) = x 4 + c 3 x 3 + c 2 x 2 + c 1 x + c 0 = (x − r 1 )(x − r 2 )(x − r 3 )(x − r 4 ). Suppose that α 1 α 8 = r 1 , α 2 α 7 = r 2 , α 3 α 6 = r 3 , and α 4 α 5 = r 4 . To distinguish between Galois groups Hol(Q 8 ) and S 2 S 4 , we first construct the polynomial g as the 2-set resolvent of the degree 4 factor of the 2-set resolvent of f . Next, the 3-set resolvent of g has an irreducible factor h of degree 12. If Gal(f /Q) = Hol(Q 8 ) (respectively S 2 S 4 ), then h factors (respectively is irreducible over k( √ D), where D is the discriminant of f .
The degree 4 factor of the 2-set (product) resolvent of f is a degree 4 polynomial with roots α 1 α 8 , α 2 α 7 ,
is the 2-set resolvent of r(x), so k(x) = (x − r 1 r 2 )(x − r 3 r 4 )(x − r 1 r 3 )(x − r 2 r 4 )(x − r 1 r 4 )(x − r 2 r 3 ). Let s 1 = r 1 r 2 , s 2 = r 3 r 4 , s 3 = r 1 r 3 , s 4 = r 2 r 4 , s 5 = r 1 r 4 , s 6 = r 2 r 3 be the roots of k(x).
In general, for a degree 4 polynomial r(x) = (x − r 1 )(x − r 2 )(x − r 3 )(x − r 4 ) = x 4 + c 3 x 3 + c 2 x 2 + c 1 x + c 0 defined over a number field k, the degree 6 2-set (product) resolvent polynomial is given by k(x) = x 6 − c 2 x
2 ), the degree 6 polynomial k(x) is given by k(x) = x 6 −(12az +18b)
For example, for elliptic curve '83a1' with P = (z, w) = (15, −108), f P (x) = x 8 + 864x 6 Next, the 3-set (sum) resolvent of k(x) has an irreducible degree 12 factor h(
Using Vieta's formulas, gives that the degree 12 factor of the 3-set (sum) resolvent of k(x) is given in Appendix A.
The degree 12 polynomial h(x) factors as (
We will next consider the discriminants d 1 and d 2 of the 2 quadratic polynomials that define the roots v i . 
Therefore, using the relation that P = (z, w) is a point on the elliptic curve, d 1 and d 2 simplify to . Then the subgroup of S 8 generated by i and j is isomorphic to Q 8 and the normalizer of this group in S 8 is isomorphic to the holomorph, Hol(Q 8 ).
For example, for elliptic curve '83a1' with P = (z, w) = (15, −108), f (x) = f E,P (x) = D) . By computation, we also find that Gal(f (x)/Q) S 2 S 4 .
In this case, D = 2
Theorem 4.7. Let G = Hol(Q 8 ). Then, G has 3 S 4 -quotients. Suppose that Gal(f E,Q8,P (x)/Q) = G. Then, the 3 subfields with S 4 Galois group over Q are the splitting fields of the following polynomials:
Proof. See the note about the procedure to find defining polynomials for quotients in a similar fashion to Adelmann [13] [1].
Let ∆ = −16(4a 3 + 27b 2 ) and g = x 4 − 4∆x − 12a∆, the polynomial that cuts out the unique S 4 -quotient of the GL 2 (Z/4Z)-extension of Q given by Q(E [4] )/Q when ρ E,4 is surjective. See Adelmann [1] for more detail about the 4-division polynomial and about g(x).
Theorem 4.8 ( Main Theorem ). Let k g /Q be the field extension given by adjoining a root of g = x 4 − 4∆x − 12a∆ to Q. Let k 1 /Q be the field extension given by adjoining a root of h 1 to Q.
Let α be a root of k g . Take β = −1
). This map gives an isomorphism between k g and k 1 . Note that the isomorphism depends on the point P as does k 1 , whereas k g is independent of the point.
Proof. Consider 3 8 b 4 h 1 (β). It is a degree 12 polynomial in α with coefficients in Z[a, b, z, w]. See Appendix B for the polynomial. After, reducing this polynomial using that α 4 = 4∆α + 12a∆, we get that 3
. See Appendix B for these coefficients. After further using that P = (z, w) is a point on E, so z 3 + az + b − w 2 = 0, each of these coefficients reduces to zero and so this is the zero polynomial. Therefore, β satisfies the polynomial 3 8 b 4 h 1 (x) and the map is invertible, so the map is an isomorphism.
Specializing to the case of the elliptic curve '83a1' with point P = (15, −108), we get that 
Appendix A
For f (x) = r(x 2 ) of degree 8 and discriminant D, [20] gives a degree 12 resolvent polynomial h(x) irreducible over Q such that whether the reducibility/irreducibility of h(x) over Q( √ D) can be used to distinguish between certain possible Galois groups of f (x) over Q. In this appendix, we give this resolvent polynomial, in general and specialized to our context. Suppose that f (x) = r(x 2 ), where r(x) = x 4 + c 3 x 3 + c 2 x 2 + c 1 x + c 0 , in general and we will then specialize to the case that r(x) = x 4 −8wx 3 +6(2az+3b)x 2 −(4a 3 +27b 2 ) where E : y 2 = x 3 +ax+b and P = (z, w) ∈ E(Q). 
Let e 1 = r 1 + r 2 + r 3 + r 4 , e 2 = r 1 r 2 + r 1 r 3 + r 1 r 4 + r 2 r 3 + r 2 r 4 + r 3 r 4 , e 3 = r 1 r 2 r 3 + r 1 + r 2 r 4 + r 1 r 3 r 4 + r 2 r 3 r 4 , and e 4 = r 1 r 2 r 3 r 4 be the elementary symmetric polynomials in the roots of r(x). 
